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Theoretical analysis of quantum dynamics in one-dimensional lattices: Wannier-Stark description
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This paper presents a formalism describing the dynamics of a quantum particle in a one-dimensional, tilted,
time-dependent lattice. The description uses the Wannier-Stark states, which are localized in each site of the
lattice, and provides a simple framework leading to fully analytical developments. Particular attention is
devoted to the case of a time-dependent potential, which results in a rich variety of quantum coherent dynam-
ics.
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I. INTRODUCTION

Quantum dynamics in a periodic lattice is one of the o
est problems of quantum mechanics, whose basis was se
by Bloch@1# and Zener@2#, around 1930. Aimed at a descrip
tion of the electron motion in crystalline lattices, this pro
lem has been considered for about half a century as an
demic one, because dissipation effects forbid the observa
of most quantum effects in the motion of a crystalline ele
tron. Laser cooling of atoms has brought a revival of inter
in such problems, as it produces atoms whose de Bro
wavelength is comparable to the wavelength of the light
teracting with the atoms, and whose resulting kinetic ene
is comparable to the typical light shift induced by the rad
tion. The latter feature means that the cold atoms can
trapped in light potentials~or dipole potentials!. The former
means that the atom dynamics in such a potential is, in
absence of dissipation, essentially quantum. Moreover,
main source of dissipation is spontaneous emission, wh
can be arbitrarily reduced~if one has a powerful enoug
laser!, while keeping a constant light potential just by a
increase of the laser-atom detuning@3#.

Light potentials are a consequence of the displacemen
atomic levels resulting from the interaction with light, corr
sponding to a process in which a photon is absorbed, tr
ferring the atom to an~virtual! excited state, from which the
atom deexcites back to the ground state bystimulatedemis-
sion. Such a process induces an energy shift of the ato
levels which can be deduced from second order perturba
theory and which is proportional to the light intensity, to t
square of the coupling~that is, toudeg•eu2, wheredeg is the
dipole matrix element between the statesg ande, ande is the
polarization vector of the light!, and to the inverse of the
laser-atom detuningdL5vL2veg (veg is the Bohr fre-
quency between statesg ande). Any spatial gradient of this
energy shift produces a~conservative! force, and thus a po
tential. A simple example is that of the standing wave form
by two counterpropagating, parallel-polarized beams. Pla
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in such a standing wave, an atom perceives a periodic o
dimensional potential whose strength varies sinusoidally
the space. Standing waves~with small variations! form the
model potential considered in the present work.

Light potentials generated by standing waves have b
used in many experimental studies of quantum dynam
For example, Bloch oscillations have been observed b
with single atoms@4# and with a Bose-Einstein condensa
@5# in an accelerated standing wave. Wannier-Stark ladd
@6# and collective tunneling effects@7# have also been stud
ied with such a system. Atoms placed in an intense, pha
modulated or pulsed standing wave realize a paradigm
system for theoretical and experimental studies of quan
chaos, the so-called quantum kicked rotor@8–11#.

In this paper, we consider the quantum dynamics of
atom ~of massM ) placed in a tilted sinusoidal potentia
whose phase~that is, the position of its nodes! can be modu-
lated in an arbitrary way, corresponding to the Hamiltonia

H5
p2

2M
1v0 cos$2kL@x2x0~ t !#%1 f ~ t !x, ~1!

where 2kLx0(t) is a phase andf (t) a force, both being
~eventually! time dependent, andkL52p/lL is the wave
number of the laser beam forming the standing wave. Diff
ent temporal dependences ofx0(t) can be considered. Fo
instance, the accelerated casex0(t)5(1/2)at2, which was
studied in@4–7#, is equivalent to an inertial forceF5Ma in
the frame of the potential~see the Appendix!.

A natural energy unit in such a context is the ‘‘reco
energy,’’ defined as the change in kinetic energy of the at
corresponding to the absorption of a photon, given by

ER5
\2kL

2

2M
, ~2!

with which one can associate a recoil frequencyvR5ER /\
and a recoil momentumpR5\kL , etc. It is also useful to
rescale the variables:X[x/(lL/2), wherelL/2 is the step of
the periodic lattice, andt[vRt. With these definitions, the
above Hamiltonian takes the following form, which is r
tained in the rest of the paper:
©2002 The American Physical Society06-1
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THOMMEN, GARREAU, AND ZEHNLÉ PHYSICAL REVIEW A 65 053406
H5
P2

2m*
1V0 cos$2p@X2X0~t!#%1F~t!X, ~3!

whereV0[v0 /ER andF[ f lL /2ER @note that in this system
the momentum operator in the real space isP52 i (]/]X),
\51, the reduced mass ism* 5p2/2, andd51 is the step of
the lattice#. For simplicity, in what follows, we shall write
the rescaled variablesx, p, andt.

In the next section, we briefly review the time
independent Hamiltonian case in Eq.~3!, introduce the
Wannier-Stark basis, and show that it leads to a very sim
description of the Bloch oscillation. In the following se
tions, we shall discuss the more complicated dynamics
arises when a harmonic modulation of the lattice is appli

II. THE BLOCH OSCILLATION
IN THE WANNIER-STARK DESCRIPTION

Bloch oscillation~BO! is a well known phenomenon dis
covered by Zener while studying the quantum properties
an electron in a~perfect! crystal submitted to a constant ele
tric field @2#. The BO arises when a small spatial tilt is add
to the lattice: Quantum particles do not fall along the slope
the potential, but perform a periodic, bounded, oscillati
BO is thus a strictly quantum behavior. We shall call t
untilted potential the ‘‘lattice,’’ and the sum of the lattice an
the tilted potential the ‘‘tilted lattice.’’

The BO is usually described in the basis of the so-ca
Bloch states@1#, i.e., the eigenstates of the lattice. In th
paper, we use another framework corresponding to the ei
states of the tilted potential. While the lattice is invaria
under spatial translations by a multiple of the spatial per
d, the tilted lattice has a more complicated symmetry: it
invariant under simultaneous spatial translation by a lat
period d and energy translation byvB5Fd (vB is the
‘‘Bloch frequency’’!. One then expects the eigenenergies
form ‘‘ladder’’ structures separated byvB , the so-called
Wannier-Stark ladders, introduced by Wannier in connect
with the problem of electrons in a crystal submitted to
homogeneous electric field@12#. Each element of the ladde
corresponds to eigenfunctions~the Wannier-Stark states! cen-
tered at a given well, and thus separated by an integer m
tiple of d. The form and even the existence of these eig
states has been the object of a long controversy, that
settled only recently@13#. In the present paper, we consider
spatially limited lattice, extending over many periods, a
limited by an infinite-height box. This changes only ve
slightly the ‘‘bulk’’ properties of the system, and the eigene
ergies and eigenstates obtained numerically display~to a
very good approximation! the expected ladder structure d
scribed above. In this framework, the Wannier-Stark sta
~WSS’s! are the eigenfunctions of the system. The relation
the case of an infinite tilted lattice is no problem if the co
responding states~Wannier-Stark resonances! have long
enough lifetimes compared to the experimental times. T
existence of these states was evidenced in 1988 in a s
conductor superlattice@14#, and in 1996 with cold atoms in
an optical lattice@6#. Note that, being spatially localized
05340
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Wannier-Stark states provide an ideal tool for the descript
of the wave function of a cold atom@as produced by a
‘‘Sisyphus-boosted’’ magneto-optical trap~MOT!# placed in
the potential, whose de Broglie wavelength~aroundlL/3! is
of the order of the lattice periodlL/2.

Consider the properties of the time-independent Ham
tonianH0,

H05
p2

2m*
1V0 cos~2px!1Fx, ~4!

whereF is a constant force. The eigenfunctions ofH0 are
Wannier-Stark states forming an energy ladder whose s
ration isvB5Fd, Enm5Em1nFd.

The BO can be advantageously described by using
Wannier-Stark state localized inside a given individual latt
well, corresponding to the lowest energy of the states as
ciated with this well~see Fig. 1!. Note that considering only
the ground state of each well is equivalent to a restriction
the first Bloch band in the description based on Bloch sta
We also choose strong enoughF and V0 to produce well-
localized WSS’s@15#. The WSS associated with the lattic
well labeledn is denotedwn(x) ~supposed real! and the cor-
responding eigenenergy isEn ~we drop the indexm). The
symmetries of the potential discussed above then imply

wn1p~x!5wn~x2pd! ~5!

and

En1p5En1pFd. ~6!

Let us describe the atomic wave function by a superpo
tion of WSS’s:

C~x,t !5(
n

cn~ t !wn~x! ~7!

with cn(t)5cne2 iEnt, cn being the amplitude att50. The
dynamical quantities of the atom can be easily calculat
For instance, the mean value of the atomic position oper
is

FIG. 1. ~a! Periodic potential with a tilt.~b! The WSS statewn is
localized in the well of indexn51 and has appreciable overla
with neighbor lattice sitesn50,2. This eigenfunction is obtained fo
V052.5 andF50.5. The ‘‘numerical’’ box includes 64 lattice sites
6-2
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THEORETICAL ANALYSIS OF QUANTUM DYNAMICS IN . . . PHYSICAL REVIEW A65 053406
^x&5(
n

Xn,nucnu21 (
n,m

~Xn,mcn* cmei (En2Em)t1c.c.!, ~8!

where Xn,m[^wnuxuwm&. As long as the WSSwn is well
localized in the respective well, we can keep only neare
neighbor contributions (n5m61) and derive a simplified
expression:

^x&5 x̄1Xn,n11S (
n

cn* cn11e2 ivBt1c.c.D , ~9!

wherex̄5(Xn,nucnu2 is the mean position of the wave pack
and Xn,n115X0,15X0,215Xn,n21 is independent ofn @16#.
This result evidences a counterintuitive property of the qu
tum motion in a tilted lattice: instead of falling along th
slope, the atom performs an oscillation with frequencyvB
~the Bloch frequency!. The amplitude of this Bloch oscilla
tion is proportional toX0,1 and grows with the overlap be
tween neighbor WSS’s, i.e., for a small slopeF and small
lattice depthV0. The physical origin of the BO appears he
clearly as an interference effect between neighbor sites
cn* cn11 is the coherence between the sitesn andn11. Note
the lack of oscillations if the atom is localized in only on
well. Equation~8! also predicts the occurrence of harmon
with frequencypvB (p integer! but with smaller amplitudes
since they involve the coupling strengthXn,n1p @17#.

The description of the BO given here is very differe
from the usual ‘‘solid-state’’ approach. There, the Blo
states~eigenstates of the untilted lattice! are taken as the
reference basis. The oscillation is described in a semicla
cal frame as the periodic evolution of the atom’s quasim
mentum Ft ~in the first Brillouin zone! with period T
52p/(Fd) @18,19#. Although natural, this approach does n
make clear the role of quantum interference produced by
periodic lattice structure as the basic mechanism underly
the Bloch oscillation, which is evidenced in our approach

III. THE MODULATED POTENTIAL
IN THE WANNIER-STARK DESCRIPTION: RESONANT

DYNAMICS

With the existence of the natural frequencyvB of the
system in mind, one is tempted to investigate the quan
dynamics in the presence of a harmonic external forcing.
WSS approach proves to be very efficient, since it allow
fully analytical description. After some general consid
ations, we study in this section the case of resonant forc
and show that it leads to a very rich and interesting dyna
ics. The general~nonresonant! case will be treated in the nex
section.

Consider the Hamiltonian of Eq.~3! with a constant force
F and a lattice phase modulation

x0~ t !5a sin~vt !. ~10!

The developments are simpler if we use a unitary trans
mation that transforms the modulation into a time-depend
force. Physically, this is equivalent to moving to an accel
ated reference frame in which the lattice is at rest@4,21#,
05340
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adding thus an inertial force~see the Appendix!. In this
frame, the new Hamiltonian is given by Eq.~4! plus a time-
dependent forceF8(t):

F8~ t !5m*
d2x0~ t !

dt2
52m* av2 sin~vt !

52F0 sin~vt !, ~11!

whereF0[m* av2 is the amplitude of the inertial force. Th
harmonic time dependence in Eq.~11! is the analog of an ac
electric field for electrons in a~perfect! crystal. The dynam-
ics in such a system can be described in a quite simple f
ion by writing the state of the atom as a superposition
WSS’s, Eq.~7!. The coefficientscn(t) can be obtained by
substituting Eq.~7! in the Schro¨dinger equation

@H02F0x sin~vt !#C~x,t !5 i
]C~x,t !

]t
, ~12!

whereH0 is given by Eq.~4!, with eigenstateswn(x). This
produces the following set of coupled differential equatio
for the cn(t):

ċn~ t !52 iEncn~ t !1 iF 0 sin~vt !(
m

Xn,mcm~ t !, ~13!

whereċn[dcn /dt. Neglecting temporarily the coupling be
tween different WSS’s~i.e., putting Xn,m5Xn,ndm,n), the
amplitudes are obtained simply ascn5exp@ifn(t)#, with the
time-dependent phase

fn~ t !52Ent2
F0Xn,n

v
cos~vt !, ~14!

whereXn,n5X0,01nd depends on the site indexn @16#. We
now write cn(t)[dn(t)eifn(t). The amplitudesdn obey the
following system of differential equations:

ḋn5 iF 0 (
mÞn

Xn,mdm~ t !exp$ i @fm~ t !2fn~ t !#%

3sin~vt !. ~15!

After Eq. ~14!, the phase differencefm(t)2fn(t) is

fm~ t !2fn~ t !5~n2m!FvBt1
F0d

v
cos~vt !G , ~16!

where we used Eq.~6!. Equation~15! can be recast as

ḋn5 iF 0(
pÞ0

Xpdn1p@e2 ipvBte2 i (pF0d/v)cos(vt)#

3sin~vt ! ~17a!

5
F0

2 (
pÞ0

Xpdn1p(
l

~2 i ! lJl S p
F0d

v D
3$ei [( l 11)v2pvB] t2ei [( l 21)v2pvB] t% , ~17b!
6-3
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THOMMEN, GARREAU, AND ZEHNLÉ PHYSICAL REVIEW A 65 053406
whereXp[Xn,n1p @16#. Jn(x) is the Bessel function of the
first kind, and we have used the well-known property
Bessel functions:

e2 iz cos(vt)5 (
l 52`

1`

Jl~z!~2 i ! leil vt. ~18!

Note that the sum over lattice sites~i.e., overp) extends over
only a few neighboring sites, since the coupling coefficie
Xp rapidly shrink to zero@17#. If the modulation is smooth
enough to avoid projections on other states of the system
sum over the harmonics of the modulation~i.e., l ) is also
limited to a few terms close tol 50 @typically, l max
;pF0d/v5pm* avd;O(1)#. Therefore, only a finite
number of terms are to be retained in the above express
On the other hand, the evolution ofdn described by Eq.
~17b! is a sum of oscillations with frequencies@( l 61)v
2pvB#. In the following we keep only the so-calledsecular
terms, that is, terms that oscillate slowly or do not oscillate
all. The resulting ‘‘close to resonance’’ dynamics is observ
when (l 61)v'pvB , i.e., when the forcing frequencyv is
commensurable~or almost! with the system’s natural fre
quencyvB .

Let us consider the simpler resonant casev5vB . Due to
the relative strength of the factorsXp we can keep, to a good
accuracy, only the contribution of the next-neighbor sitep
51), which leads to the following expression:

ḋn~ t !5V1@dn112dn21# , ~19!

where

V15
F0X1

2 FJ0S F0d

vB
D1J2S F0d

vB
D G

5
vBX1

d
J1S F0d

vB
D . ~20!

This equation is similar to a ‘‘dipole coupling’’ between site
n and n61, whereV1 plays the role of a Rabi frequency
Note that, contrary to intuition, the coupling toward the le
or toward the right neighbor is the same.

The meaning of Eq.~19! can be better appreciated b
searching for plane-wave solutions of the form

dn~ t !5ei (k0dn1vt). ~21!

The ~dimensionless! wave numberk0 takes into account the
phase difference between neighbor sites. Substitution
Eq. ~19! leads to the dispersion relation

v52V1 sin~k0d! ~22!

and to the group velocityvg[dv/dk0:

vg52V1d cos~k0d!. ~23!

This result shows that the dynamics is different depending
the wave numberk0. For instance, ifk0d56p/2 ~phase
quadrature from site to site!, vg50 and there is no globa
05340
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motion. If k0d5p, vg522V1d and the global motion is a
fall along the slope of the potential with the maximum spe
2V1d. More interesting is the casek050, where vg
52V1d: the atom then climbs up the slope of the potent
with a constant maximum speed; there is, in this case,coher-
ent transfer of energyfrom the modulation to the atom
thanks to the particular phase relations between neighbo
sites. Note also that, contrary to the motion of a class
particle, the speeduvgu is independent of the sense of th
motion: the wave packet climbs the slope up or down at
same speed.

More detailed information on the wave packet motion c
be obtained by writing the amplitudedn in the more genera
form

dn~ t !5 f n~ t !ei (k0dn1vt) , ~24!

wheref n are complex amplitudes describing the envelope
the atomic wave packet, assumed to vary slowly in time
compared to the frequencyvB , and in space as compared
the lattice periodd. Substituting the above expression in
Eq. ~19!, we get

ḟ n1 iv f n5V1„cos~k0d!~ f n112 f n21!

1 i sin~k0d!~ f n111 f n21!…. ~25!

Using the dispersion relation Eq.~22! and keeping only
slowly varying contributions, we obtain

ḟ n5V1„cos~k0d!~ f n112 f n21!

1 i sin~k0d!~ f n111 f n2122 f n!…. ~26!

Since f n vary slowly in space, we can take the continuo
limit ~with respect to the variablex5nd) and deduce the
following equation for the wave packet envelope:

ḟ ~x,t !5V1S 2d cos~k0d!
]

]x
1 id2 sin~k0d!

]2

]x2D f ~x,t !.

~27!

This equation is an interesting piece of information. Ifk0d

56p/2, one has a diffraction equation of the formḟ 5
6 iV1d2]x

2f , which describes the spreading of the atom
wave packet~i.e., diffraction! with no global displacement
The casek0d50,p gives the wave equationḟ 5vg]xf (vg
52dV1), describing a wave packet traveling with consta
velocity vg and no deformation: the wave packet presents
ascending or descending coherent motion. Mixed behavi
i.e., spreading at a diffusion rateV1d2sin(k0d) and uniform
displacement with group velocityvg52V1d cos(k0d), are
found for other values ofk0. The general solution can easil
be obtained by performing a spatial Fourier transform of E
~27!.

The above result shows that, depending on the ini
wave numberk0, i.e., on the way the initial wave packet
prepared, the atom behaves in qualitatively different wa
Figures 2 and 3 are obtained by a direct integration of
Schrödinger equation, with the Hamiltonian given by E
6-4
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~12!, for different evolution times. In the first case the initi
wave packet is prepared with site-to-site phasek0d5p/2 and
diffraction is clearly visible, as predicted. In Fig. 3, the wa
packet, prepared withk050, has a uniform displacemen
while preserving its shape. Its group velocity obtained fro
the numerical simulations isvg50.030, in very good agree
ment with the theoretical value from Eq.~23!, which is vg
50.032.

Other resonant behaviors are observed ifv5qvB (q in-
teger!. From the general expression of Eq.~17!, one finds for
instance a next-to-neighbor (n→n62) resonant interaction
if v52vB , leading to

ḋn~ t !5V2@dn122dn22# ~28!

with V25(vB /d)X2J1(F0d/vB). Note that X2!X1 @17#.
We illustrate in Fig. 4 the temporal evolution of a wav
packet, obtained by numerical integration of the Schro¨dinger
equation. The initial state is prepared as a superpositio
two packets: one packet is constructed with in-phase am
tudes~that is,cn andcn12 have the same phase forn odd!,
and the other one is constructed with amplitudes in ph
opposition~that is, cn and cn12 have opposite signs forn
even!. The first packet moves with velocityvg54V2d, and
the second withvg524V2d. The figure displays an origina

FIG. 2. The motion of the wave packet is obtained from a f
integration of the Schro¨dinger equation corresponding to the mod
lated tilted lattice. The wave packet att50 has a site-to-site phas
of p/2. The wave packet spreads in time with no displacemen
agreement with the theoretical prediction. Parameters areV052.5,
F50.5, v5vB50.5, anda50.2.

FIG. 3. Same as Fig. 2, except that the site-to-site phase ik0

50. The wave packet has a shape-preserving motion up the s
of the potential. The observed group velocity is 0.030, in go
agreement with the prediction of Eq.~23!, vg50.032 (X0,150.13).
05340
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behavior showing each of these two initially interpenetra
packets moving independently in opposite directions, cre
ing a highly delocalized state.

IV. THE MODULATED POTENTIAL: GENERAL CASE

In this section we generalize the results of the preced
section to the case of a nonresonant modulation. We fol
essentially the same steps as in Sec. III, and we shall
algebraic details of the calculations. Coming back to E
~17a! and looking for a solution of the form

dn~ t !5ei [(k0dn1f(t)] , ~29!

one gets the instantaneous frequency

ḟ52F0(
p.0

Xp cos$p@k0d2u~ t !#%sin~vt ! , ~30!

where u(t)5vBt1(F0d/v)cos(vt), and we used Xp

5X2p . The group velocityvg5dḟ/dk0 is thus

vg52F0d(
p.0

pXp sin$p@u~ t !2k0d#%sin~vt !. ~31!

As in the preceding section, more detailed behavior is
tained by putting

dn~ t !5 f n~ t !ei [k0dn1f(t)] , ~32!

where f n are slowly varying amplitudes. The generalizatio
of Eq. ~26! is then

ḟ n5 iF 0(
pÞ0

Xp@ f n1p2 f n#eip(k0d2u) sin~vt ! ~33!

or

ḟ n5F0(
p.0

Xp sin~vt !„2@ f n1p2 f n2p#sin@p~k0d2u!#

1 i @~ f n1p1 f n2p22 f n!#cos@p~k0d2u!#…. ~34!

l

in

pe
d

FIG. 4. Evolution of a wave packet forv52vB . The initial
wave packet is a superposition ofwn (n odd! which are in phase,
and ofwn (n even! with phase differencep. The initial wave packet
separates into two packets with opposite velocities.
6-5
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Taking the continuous limit of the above expression th
produces an equation describing both the propagation
the diffraction of the wave packet:

ḟ ~x,t !5S vg~ t !
]

]x
1 iD ~ t !

]2

]x2D f ~x,t !

12iF 0(
p>2

Xp cos@p~u2k0d!#

3sin~vt ! f ~x,t ! , ~35!

where

D~ t !5F0d2(
p.0

p2Xp cos@p~u2k0d!#sin~vt ! ~36!

and the group velocityvg is given by Eq.~31!. Note that the
last term in Eq.~35! is a phase term which isO(X2)!1 and
does not contribute to the probability densityu f (x,t)u2. For
the sake of brevity, it is not considered in the following.

The Fourier transform of Eq.~35! with respect tox pro-
duces an algebraic equation for the Fourier transformf̃ (k,t)
of f (x,t), whose solution is

f̃ ~k,t !5eikx8(t)eik2D(t) f̃ ~k,0! ~37!

and thus

f ~x,t !5
1

A2p
E eik[x1x8(t)]eik2D(t) f̃ ~k,0! ~38!

with

x8~ t !5E
0

t

vg~t!dt ~39!

and

D~ t !5E
0

t

D~t!dt. ~40!

These expressions describe a coherent motion of the w
packet formed by an oscillatory motion with the tim
dependent group velocity Eq.~31!, and a diffusive motion
with a time-dependent diffusion coefficientD(t). For ex-
ample, if one builds an initial Gaussian packet of widtha0 ,
f (x,0)5exp(2x2/a0

2), one finds, after some straightforwa
calculations,

u f ~x,t !u25
a0

a~ t !
expS 2

2x~ t !2

a~ t !2 D , ~41!

where

a~ t !5a0F1116
D~ t !2

a0
4 G 1/2

. ~42!
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The physical meaning of our development can be eviden
by considering the case wherev differs from vB by a small
detuningd5v2vB , udu!vB , and keeping only leading
order terms of orderO(d21). The wave packet then unde
goes a harmonic oscillation at the beat frequencyd with a
group velocity given by Eq.~31!:

vg~ t !52V1d cos~k0d1dt !, ~43!

corresponding to a periodic mean position displacement

^x~ t !&5x~0!2
2V1d

d
@sin~k0d1dt !2sin~k0d!#. ~44!

The width of the wave packet oscillates in a breathing mo
which is governed by

D~ t !5
V1d2

d
@cos~k0d1dt !2cos~k0d!#. ~45!

The results of Sec. III for a resonant excitation are natura
recovered in the limitd→0.

We have performed the integration of the Schro¨dinger
equation for a detuningd50.02. Figure 5 shows the spa
tiotemporal dynamics of the wave packet and clearly e
dences the periodic oscillations and the breathing at
quencyd predicted above. Figure 6 shows the mean posit
and width of the wave packet as a function of time. T
comparison with the theory is very good. For instance,
amplitude of^x(t)& is found numerically as 1.55 compare
to the theoretical value 1.73.

V. CONCLUSION

We have studied, in a fully analytical way, the dynami
of a wave packet in a static and time-modulated tilted pot
tial in the framework of the Wannier-Stark states. This ba
is well suited to the description of the state of a cold atom~as

FIG. 5. Spatiotemporal behavior ofuC(x,t)u2 obtained numeri-
cally by integration of the Schro¨dinger equation~gray level conven-
tion: the maximum values ofuC(x,t)u2 are depicted in black!, from
t50 to t54p/d ~that is, two periods of the beat frequencyd5v
2vB50.02). Other parameters are the same as in Fig. 2.
6-6
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produced by a Sisyphus-boosted MOT!. Moreover, it pro-
vides a simple description the atomic dynamics, which
been proved to be very rich: A variety of coherent motions
obtained depending on the preparation of the initial wa
packet and its site-to-site quantum coherence. We can
note that the description introduced here is, in principle,
dependent of the details of the lattice, provided it prese
localized states in the lattice sites. It is therefore genera
able to other kinds of lattice.

Note that the present work is distinguished from the m
usual ‘‘solid-state’’ approach, which is based on Bloch fun
tions. We postpone for a forthcoming work a detailed co
parison between the Wannier-Stark and Bloch approache

Finally, let us discuss the possibility of experimental o
servations in cold atom systems. The experimental diffic
ties are fourfold: the creation of site-to-site atomic coh
ence, suppression of dissipative effects, limited interac
time between the atoms and the potential, and detectio
the atom’s dynamics.

As we have seen in Sec. II, all coherent motion ultimat
depends on the site-to-site atomic coherencecncn11* . There
are various ways of creating this kind of coherence. T
most usual is Raman cooling, which consist in previous s
recoil cooling of the atoms so that their de Broglie wav
length is of the order of a few lattice steps~five lattice steps
is typical! @4#; the light potential is then turned on adiaba
cally. Another way of creating spatial coherence is to s
with a Bose-Einstein condensate, whose spatial cohere
length is up to hundreds of lattice sites@5,7#. Note that in the
latter case the system obeys a nonlinear Schro¨dinger equa-
tion, and the approach described above may not apply.

Dissipation, in the present context, is due to spontane
emission~see Sec. I!. The usual lasers, working on wave
lengths corresponding to alkali-metal atoms, allow one
work at detunings corresponding to about 103–104 times the
natural width of the transition concerned, which means t
spontaneous emission is limited to less than one photon
second. As the characteristic time of the system, the Bl
period, is typically 100ms, the observation of the effect
discussed here is therefore not limited by dissipation. T
transit time in the laser beams creating the potential is a m

FIG. 6. Mean values~a! ^x(t)& and ~b! A^x2(t)&2^x(t)&2 ob-
tained from the wave packet dynamics depicted in Fig. 5.
05340
s
s
e
lso
-
ts
z-

e
-
-
.
-
l-
-
n
of

y

e
-

-

rt
ce

us

o

t
er
h

e
re

serious problem, as the atoms are confined only in one
mension by the potential. If these beams are horizontal,
atoms are free falling. The interaction time is of the order
10 ms and typically 100 times greater than the Bloch peri

The detection of the coherent dynamics described ab
is simpler inmomentumspace, thanks to the possibility o
using velocity-sensitive Raman stimulated transitions@4,20#.
The coherent motion of atoms, e.g., when they climb
slope of the modulated potential~Sec. III!, corresponds to a
speed of about the recoil velocity, i.e., 3 mm/s for cesiu
This is easily detectable by Raman stimulated spectrosc
It would certainly be very interesting to also observe t
coherent motion in real space. This seems to be very d
cult, because the spatial amplitude of the motion is v
small, of the order of a few lattice steps, as compared to
atomic cloud which extends over hundreds of lattice we
~for atoms cooled in a magneto-optical trap!. The coherent
dynamics is thus detectable in momentum space, but v
hard to see in real space, at least under the usual experim
tal conditions.
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APPENDIX: UNITARY TRANSFORMATION

Equation~11! is obtained if we perform the unitary trans
formation

U~ t !5eiX0(t)Pe2 ib(t)Xeig(t) ~A1!

where we have included translation operators in space
momentum withb52m* Ẋ0 ~i.e., the momentum of a par
ticle of massm* ). In this framework, following@21#, we
obtain ~with UXU†5X1X0 andUPU†5P1b)

H85UHU†1 i ~dtU !U†5
~P1b!2

2m*
1V0 cos~2pX!

1F„X1X0~ t !…2Ẋ0~ t !P1ḃ~ t !~X1X0!2ġ

with ġ5FX01m* Ẍ0X01(m* /2)Ẋ0
2:

H85
P2

2m*
1V0 cos~2pX!1@F1m* Ẍ0~ t !#X. ~A2!

Therefore, in the frame of the periodic potential, the Ham
tonian contains an inertial force proportional toẌ0(t).
6-7



s
re
M

on

d

n

ys

hy

i,

ev.

’s,

at

r

THOMMEN, GARREAU, AND ZEHNLÉ PHYSICAL REVIEW A 65 053406
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