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Theoretical analysis of quantum dynamics in one-dimensional lattices: Wannier-Stark description

Quentin Thommefi, Jean Claude Garredwand Veonique Zehnlé
Laboratoire de Physique des Lasers, Atomes et Moés, Centre d’Etudes et de Recherches Laser et Applications,
Universitedes Sciences et Technologies de Lille, F-59655 Villeneuve d’Ascq Cedex, France
(Received 19 December 2001; published 22 April 2002

This paper presents a formalism describing the dynamics of a quantum particle in a one-dimensional, tilted,
time-dependent lattice. The description uses the Wannier-Stark states, which are localized in each site of the
lattice, and provides a simple framework leading to fully analytical developments. Particular attention is
devoted to the case of a time-dependent potential, which results in a rich variety of quantum coherent dynam-
ics.
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I. INTRODUCTION in such a standing wave, an atom perceives a periodic one-
dimensional potential whose strength varies sinusoidally in
Quantum dynamics in a periodic lattice is one of the old-the space. Standing wavésith small variation form the
est problems of quantum mechanics, whose basis was settlgtbdel potential considered in the present work.
by Bloch[1] and Zenef2], around 1930. Aimed at a descrip- Light potentials generated by standing waves have been
tion of the electron motion in crystalline lattices, this prob-used in many experimental studies of quantum dynamics.
lem has been considered for about half a century as an ackor example, Bloch oscillations have been observed both
demic one, because dissipation effects forbid the observatiowith single atomg4] and with a Bose-Einstein condensate
of most quantum effects in the motion of a crystalline elec{5] in an accelerated standing wave. Wannier-Stark ladders
tron. Laser cooling of atoms has brought a revival of interes{6] and collective tunneling effec{§] have also been stud-
in such problems, as it produces atoms whose de Broglied with such a system. Atoms placed in an intense, phase-
wavelength is comparable to the wavelength of the light in-modulated or pulsed standing wave realize a paradigmatic
teracting with the atoms, and whose resulting kinetic energypystem for theoretical and experimental studies of quantum
is comparable to the typical light shift induced by the radia-chaos, the so-called quantum kicked rdid+11].
tion. The latter feature means that the cold atoms can be In this paper, we consider the quantum dynamics of an
trapped in light potentialéor dipole potentials The former atom (of massM) placed in a tilted sinusoidal potential
means that the atom dynamics in such a potential is, in thehose phaséhat is, the position of its nodgsan be modu-
absence of dissipation, essentially quantum. Moreover, thi&ted in an arbitrary way, corresponding to the Hamiltonian
main source of dissipation is spontaneous emission, which
can be arbitrarily reducedf one has a powerful enough p2
lasep, while keeping a constant light potential just by an H= ervo cog 2k, [x—Xo(t) ]} + f(t)x, D
increase of the laser-atom detunifg].
Light potentials are a consequence of the displacement of
atomic levels resulting from the interaction with light, corre- where X xq(t) is a phase and(t) a force, both being
sponding to a process in which a photon is absorbed, trangeventually time dependent, ané =2w/\_ is the wave
ferring the atom to arvirtual) excited state, from which the number of the laser beam forming the standing wave. Differ-
atom deexcites back to the ground stateshynulatedemis-  ent temporal dependences xf(t) can be considered. For
sion. Such a process induces an energy shift of the atomiostance, the accelerated casgt)=(1/2)at?, which was
levels which can be deduced from second order perturbatiostudied in[4—7], is equivalent to an inertial fordeé=Ma in
theory and which is proportional to the light intensity, to thethe frame of the potentigsee the Appendjx
square of the couplin¢hat is, t0|deg~e|2, whered,g is the A natural energy unit in such a context is the “recaoil
dipole matrix element between the stageende, andeis the  energy,” defined as the change in kinetic energy of the atom
polarization vector of the light and to the inverse of the corresponding to the absorption of a photon, given by
laser-atom detuning, = w| — weq (weq is the Bohr fre-
guency between statgsande). Any spatial gradient of this ﬁzkf
energy shift produces @onservativg force, and thus a po- Er=——,
tential. A simple example is that of the standing wave formed 2M
by two counterpropagating, parallel-polarized beams. Placed
with which one can associate a recoil frequergy=Eg/#%
and a recoil momentunpg=7k, , etc. It is also useful to
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whereVy=v,/Eg andF=f\ /2Eg [note that in this system
the momentum operator in the real spacd’is —i(d/dX),
#.=1, the reduced massiis* = 72/2, andd=1 is the step of N
the latticd. For simplicity, in what follows, we shall write
the rescaled variables p, andt.

In the next section, we briefly review the time- Position z
independent Hamiltonian case in E(), introduce the
Wannier-Stark basis, and show that it leads to a very simpl? _ . ) )
description of the Bloch oscillation. In the following sec- ocalized in the well of indexn=1 and has appreciable overlap
. . N . ith neighbor lattice sitea=0,2. This eigenfunction is obtained for
tions, we shall discuss the more complicated dynamics th%v}v =2.5 andF=0.5. The “numerical” box includes 64 lattice sites
arises when a harmonic modulation of the lattice is applied.

FIG. 1. (a) Periodic potential with a tilt(b) The WSS state,, is

Wannier-Stark states provide an ideal tool for the description
Il. THE BLOCH OSCILLATION of the wave function of a cold atorfas produced by a
IN THE WANNIER-STARK DESCRIPTION “Sisyphus-boosted” magneto-optical trdMOT)] placed in
the potential, whose de Broglie wavelengéround\ /3) is
Pf the order of the lattice perioM, /2.
Consider the properties of the time-independent Hamil-
tonianH,

Bloch oscillation(BO) is a well known phenomenon dis-
covered by Zener while studying the quantum properties o
an electron in dperfec) crystal submitted to a constant elec-
tric field [2]. The BO arises when a smalll spatial tilt is added
:ﬁ the I?ttigei Qbuatmtun; particles QOdr_wt Lall alccj)ng the s_lllopi.e of 0’

e potential, but perform a periodic, bounded, oscillation. __r
BO is thus a strictly quantum behavior. We shall call the Ho Vo cos2mx) +Fx, @
untilted potential the “lattice,” and the sum of the lattice and

the tilted potential the “tilted lattice.” whereF is a constant force. The eigenfunctions tf are

The BO is Usua"y described in the basis of the SO'Ca"eq/Vannier_Stark states forming an energy ladder whose sepa-
Bloch stateq1], i.e., the eigenstates of the lattice. In this ration iswg=Fd, E,,=E,+nFd.
paper, we use another framework corresponding to the eigen- The BO can be advantageously described by using the
states of the tilted potential. While the lattice is invariant\yannier-Stark state localized inside a given individual lattice
under spatial translations by a multiple of the spatial periodyell, corresponding to the lowest energy of the states asso-
d, the tilted lattice has a more complicated symmetry: it iscjated with this well(see Fig. 1 Note that considering only
invariant under simultaneous spatial translation by a lattic@he ground state of each well is equivalent to a restriction to
period d and energy translation bywg=Fd (wg is the the first Bloch band in the description based on Bloch states.
“Bloch frequency”). One then expects the eigenenergies towe also choose strong enoughand V, to produce well-
form “ladder” structures separated byg, the so-called |ocalized WSS'Y15]. The WSS associated with the lattice
Wannier-Stark ladders, introduced by Wannier in connectioRye|l |abeledn is denotedp,(x) (supposed repland the cor-
with the problem of electrons in a crystal submitted to aresponding eigenenergy &, (we drop the indexm). The

homogeneous electric fie[d2]. Each element of the ladder symmetries of the potential discussed above then imply
corresponds to eigenfunctiofthe Wannier-Stark statgsen-

t_ered at a given well, and thus separ_ated by an integer mul- On i p(X) = on(x—pd) (5)
tiple of d. The form and even the existence of these eigen-
states has been the object of a long controversy, that w.
settled only recently13]. In the present paper, we consider a
spatially limited lattice, extending over many periods, and
limited by an infinite-height box. This changes only very
slightly the “bulk” properties of the system, and the eigenen- . . . .
ergies and eigenstates obtained numerically disgtaya tiorll_%th\J/?/Sdgz?nbe the atomic wave function by a superposi-
very good approximationthe expected ladder structure de- '

scribed above. In this framework, the Wannier-Stark states

(WSS’g are the eigenfunctions of the system. The relation to W(x,t) =2, cy(t)en(X) 7)

the case of an infinite tilted lattice is no problem if the cor- n

responding stategWannier-Stark resonangesave long _

enough lifetimes compared to the experimental times. Thevith c,(t)=c,e B, ¢, being the amplitude at=0. The
existence of these states was evidenced in 1988 in a sendynamical quantities of the atom can be easily calculated.
conductor superlatticel4], and in 1996 with cold atoms in For instance, the mean value of the atomic position operator
an optical lattice[6]. Note that, being spatially localized, is

Enip=En+pFd. (6)
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) . e Et adding thus an inertial forcésee the Appendjx In this
<X>:; Xp,nlCnl +nzm (XnmCrcme EnEmt+cc),  (8)  frame, the new Hamiltonian is given by E) plus a time-
dependent forc& ' (t):
where X, n=(¢n|X|¢mn). As long as the WSSp, is well

2
localized in the respective well, we can keep only nearest- E'(t)=m* d“Xo(t) — —m*aw?sin(ot)
neighbor contributionsi(=m=1) and derive a simplified dt?
expression: .
=—Fgsinwt), (11
(X)=X+Xnns1| 2 CrCnyr€ '“B'+CCl, (9)  whereF,=m*aw? is the amplitude of the inertial force. The
n

harmonic time dependence in E4l) is the analog of an ac
herex= X 2is th » fth K electric field for electrons in goerfec) crystal. The dynam-
wherex= XX, |c,| is the mean position of the wave packet o< i sych a system can be described in a quite simple fash-

and Xp,n+1=Xo1=Xo1=Xp -1 S independent oft [16]. 5 by \riting the state of the atom as a superposition of
This result evidences a counterintuitive property of the quang,ggig Eq.(7). The coefficientsc,(t) can be obtained by
l . . n

tum motion in a tilted lattice: instead of falling along the substituting Eq(7) in the Schidinger equation
slope, the atom performs an oscillation with frequendgy

(the Bloch frequency The amplitude of this Bloch oscilla- _ oW (x,t)
tion is proportional toX, ; and grows with the overlap be- [Ho—Foxsinwt) J¥(X,H) =1 ———,
tween neighbor WSS'’s, i.e., for a small slopeand small

lattice depthV,. The physical origin of the BO appears here whereH, is given by Eq.(4), with eigenstates,(x). This

clearly as an interference effect between neighbor sites, gsoduces the following set of coupled differential equations
Cr Cn.1 IS the coherence between the sitesndn+1. Note  for the cn(t):

the lack of oscillations if the atom is localized in only one
well. Equation(8) also predicts the occurrence of harmonics . . . .
with frequencypwg (p intege) but with smaller amplitudes Ca(t)= _'Encn(t)“FOS'n(“’t)% XnmCm(t),  (13)
since they involve the coupling streng¥ ., [17].

The description of the BO given here is very different yherec =dc, /dt. Neglecting temporarily the coupling be-
from the usual “solid-state” approach. There, the Blochyyeen different WSS'di.e., putting X, m=Xn n0mn), the

states(eigenstates of the untilted latticare taken as the amplitudes are obtained simply as=exgi®(t)], with the
reference basis. The oscillation is described in a Semic""‘ssﬁme-dependent phase

cal frame as the periodic evolution of the atom’s quasimo-

mentum Ft (in the first Brillouin zone with period T FoXnn

=27/(Fd) [18,19. Although natural, this approach does not $n(t) = —Ept— ——=—cog wt), (14
make clear the role of quantum interference produced by the

periodic lattice structure as the basic mechanism underlying/hereX,, ,= X, s+ nd depends on the site index[16]. We
the Bloch oscillation, which is evidenced in our approach. now write cn(t)YEdn(t)ei ¢, The amplitudesd, obey the

following system of differential equations:

(12

IIl. THE MODULATED POTENTIAL

IN THE WANNIER-STARK DESCRIPTION: RESONANT . . i
dy=iF o> Xpmdm(Dexpli[ ¢m(t) — ¢a(D)1}
DYNAMICS m=n

With the existence of the natural frequeney of the X sin(wt). (15
system in mind, one is tempted to investigate the quantum
dynamics in the presence of a harmonic external forcing. Théfter Eq. (14), the phase differencé,(t) — ¢,(t) is
WSS approach proves to be very efficient, since it allows a
fully analytical description. After some general consider- _ o FL
ations, we study in this section the case of resonant forcing, $m(t) = ¢n(t) =(N=m)) wgt+ ® cogwt)|, (16
and show that it leads to a very rich and interesting dynam-
ics. The generainonresonantcase will be treated in the next where we used Ed6). Equation(15) can be recast as
section.

Consider the Hamiltonian of E¢3) with a constant force do=i —ipwgta—i(pFod/w)cos(wt)

. . =iF X,d e 'Pesle™!{PFo

F and a lattice phase modulation " Op;o pdn+pl !

Xo(t)=asin(wt). (10 X sin( wt) (173
The developments are simpler if we use a unitary transfor- Fo . Fo
mation that transforms the modulation into a time-dependent o ';0 Xpdn+ pzl (—1)'J P
force. Physically, this is equivalent to moving to an acceler- _ _
ated reference frame in which the lattice is at res1], x !l Do=paglt_ gil(I=1)o=poglty | (17b
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where X=X, np [16]. Jn(x) is the Bessel function of the motion. If kod=m, vy=—20,d and the global motion is a
first kind, and we have used the well-known property offall along the slope of the potential with the maximum speed
Bessel functions: 2Q,d. More interesting is the cas&,=0, where v,
=20,d: the atom then climbs up the slope of the potential
with a constant maximum speed; there is, in this cesber-

ent transfer of energyrom the modulation to the atom,
thanks to the particular phase relations between neighboring
Note that the sum over lattice sitée., overp) extends over sites. Note also that, contrary to the motion of a classical
only a few neighboring sites, since the coupling coefficientsparticle, the speedy| is independent of the sense of the
X, rapidly shrink to zerd17]. If the modulation is smooth motion: the wave packet climbs the slope up or down at the
enough to avoid projections on other states of the system, tHgame speed.

sum over the harmonics of the modulatiéire., 1) is also More detailed information on the wave packet motion can
limited to a few terms close td=0 [typically, |,,,, Pe€ obtained by writing the amplitud#, in the more general
~pFod/o=pm*awd~0O(1)]. Therefore, only a finite form
number of terms are to be retained in the above expression.
On the other hand, the evolution of, described by Eq.

(17b is a sum of oscillations with frequenciggl=1)w  \heref  are complex amplitudes describing the envelope of
—pwg]. In the following we keep only the so-callsgcular  he atomic wave packet, assumed to vary slowly in time as
terms, that is, terms that oscillate slowly or do not oscillate at':ompared to the frequenayg, and in space as compared to

all. The resulting “close to resonance” dynamics is observedpg [attice periodd. Substituting the above expression into
when (*+1)w~pwg, i.e., when the forcing frequenay is Eq. (19), we get

commensurabldor almos} with the system’s natural fre-

+ oo

e—iZCOS(wt):IZ J|(Z)(—i)'e”‘"t. (18)

dn(t):fn(t)ei(kodn+wt) ) (24)

quenCywg. _ fatiof,=Q(cogked)(frr1—Ffn1)
Let us consider the simpler resonant case wg. Due to
the relative strength of the factoxg, we can keep, to a good +isin(ked)(fhe1t 1)) (25
accuracy, only the contribution of the next-neighbor sppe (. i i ) )
=1), which leads to the following expression: Using the dispersion relation Eq22) and keeping only

slowly varying contributions, we obtain

dn(t) =4[ dps 1= dy-1], (19 :
mET fo=01(cogked)(fri1—fn 1)
where +isinkod)(freat fos—2f). (26
Q:L:FOX]'[JO(@) +J2(@) Sincef, vary slowly in space, we can take the continuous
2 wp wp limit (with respect to the variablge=nd) and deduce the
following equation for the wave packet envelope:

wal Fod

d wp 2

f(x,H)=Q,| 2d cos(kod)iﬂdzsin(kod)ﬁ— f(x,t).
This equation is similar to a “dipole coupling” between sites X ax?
nandn=1, whereQ), plays the role of a Rabi frequency. (27)
Note that, contrary to intuition, the coupling toward the left This equation i . . . £ inf ionkifl
or toward the right neighbor is the same. quation is an interesting piece of informationky

The meaning of Eq(lg) can be better appreciated by :i’7T/2, one has a diffraction equation of the fOI’ﬁ‘-F

searching for plane-wave solutions of the form +iQ,d?Jf, which describes the spreading of the atomic
_ wave packefi.e., diffraction with no global displacement.
dy(t) =g (odntet), (21 The casek,d=0,7 gives the wave equatioh=v4d,f (vg

=2d(,), describing a wave packet traveling with constant

velocity vy and no deformation: the wave packet presents an
Qscending or descending coherent motion. Mixed behaviors,
i.e., spreading at a diffusion rafe,d?sin(k,d) and uniform

The (dimensionlesswave numbek, takes into account the
phase difference between neighbor sites. Substitution int
Eqg. (19) leads to the dispersion relation

_ - displacement with group velocity ;=2(),d coskyd), are
=202, sintkod) 22 found for other values dky. The general solution can easily
and to the group velocity ;=dw/dko: E);)Obtained by performing a spatial Fourier transform of Eq.
vg=20,d cogkqd). (23 The above result shows that, depending on the initial

wave numbekg, i.e., on the way the initial wave packet is
This result shows that the dynamics is different depending oprepared, the atom behaves in qualitatively different ways.
the wave numbek,. For instance, ifkd=* /2 (phase Figures 2 and 3 are obtained by a direct integration of the
quadrature from site to sitevy=0 and there is no global Schralinger equation, with the Hamiltonian given by Eq.
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FIG. 2. The motion of the wave packet is obtained from a full  FIG. 4. Evolution of a wave packet fab=2wg. The initial
integration of the Schidinger equation corresponding to the modu- wave packet is a superposition @f, (n odd) which are in phase,
lated tilted lattice. The wave packettat 0 has a site-to-site phase and ofe, (n even with phase differencer. The initial wave packet
of 7/2. The wave packet spreads in time with no displacement, irseparates into two packets with opposite velocities.
agreement with the theoretical prediction. Parameterd/gre2.5,

F=0.5, w=wg=0.5, anda=0.2. behavior showing each of these two initially interpenetrated
packets moving independently in opposite directions, creat-
(12), for different evolution times. In the first case the initial ing a highly delocalized state.
wave packet is prepared with site-to-site phiag= 7/2 and
diffraction is clearly visible, as predicted. In Fig. 3, the wave
packet, prepared witlky,=0, has a uniform displacement
while preserving its shape. Its group velocity obtained from In this section we generalize the results of the preceding
the numerical simulations isy=0.030, in very good agree- section to the case of a nonresonant modulation. We follow
ment with the theoretical value from E(R3), which isv essentially the same steps as in Sec. Ill, and we shall skip
=0.032. algebraic details of the calculations. Coming back to Eg.

Other resonant behaviors are observea# quwg (q in- (178 and looking for a solution of the form
tege). From the general expression of Ef7), one finds for .
instance a next-to-neighbon{-n=2) resonant interaction dy(t) = e'ltkodnt ¢(0], (29
if w=2wg, leading to

IV. THE MODULATED POTENTIAL: GENERAL CASE

one gets the instantaneous frequency
dn(t)=Q[dn 2= dp-2] (28) .
$=2F 2, Xpcogp[kod—O(t)]}sin(wt),  (30)
with Q,=(wg/d)X,J;(Fod/wg). Note thatX,<X; [17]. p=0
We illustrate in Fig. 4 the temporal evolution of a wave
packet, obtained by numerical integration of the Sdimger ~ Where 6(t) = wgt+(Fod/w)coseEt), and we usedX,
equation. The initial state is prepared as a superposition of X_. The group velocity y=d¢/dk, is thus
two packets: one packet is constructed with in-phase ampli-
tudes(that is,c,, andc,,, have the same phase forodd), _ . .
and the other one is constructed with amplitudes in phase ug—ZFode,o pXp sin{pL 6(t) —kod]}sin(wt).  (31)
opposition(that is, c, andc,,., have opposite signs fam

even). The first packet moves with velocity,=4(,d, and  As in the preceding section, more detailed behavior is ob-
the second witly ;= —44,d. The figure displays an original tained by putting

T T T T T T T d,(t)="f(t)e[kodnt O] (32)
t=30Tp AN B
_ wheref,, are slowly varying amplitudes. The generalization
- L= 20 SPVVVV,V s of Eq. (26) is then
= Lt=107s ANNSNA
=0 fa=iF o> X[ fa:p—foleP*od=Dsinwt) (33
! 1 ] ] ] 1 1 p#0
-12 -8 -4 0 4 8 12
or
Position z

FIG. 3. Same as Fig. 2, except that the site-to-site phakg is P . . B . .
=0. The wave packet has a shape-preserving motion up the slope fn= FOPZO Xp sin(wt) (—[fn1p—fr-plsinp(ked—0)]
of the potential. The observed group velocity is 0.030, in good
agreement with the prediction of E@®3), v4=0.032 (X,,=0.13). +i[(fhipt+faop—2f,)]cog p(ked—6)]). (39
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Taking the continuous limit of the above expression then
produces an equation describing both the propagation and

PHYSICAL REVIEW A 65 053406

the diffraction of the wave packet:

&2

. d
f(x,t)= Ug(t)&—{_iD(t)a_Xz) f(x,t)

+2iF o>, X,co§p(6—kod)]
p=2

X sin(wt)f(x,t), (39

where

D(t)=|:od220 p2X, cog p(6—kod)Isin(wt)  (36)
p>

and the group velocity 4 is given by Eq.(31). Note that the
last term in Eq(35) is a phase term which ®(X,)<1 and
does not contribute to the probability densjfyx,t)|2. For
the sake of brevity, it is not considered in the following.
The Fourier transform of Eq.35) with respect tox pro-

duces an algebraic equation for the Fourier transfogkgt)
of f(x,t), whose solution is

F(k,t) =€k Oek®AWF (k 0) (37)

and thus

1 ‘ L L2 ey
f(X,t): _f eIk[X-%—X (t)]elk A(t)f(k,O) (38)
\/_

2
with
t
X,(t):fovg(T)dT (39
and
t
A(t)=foD(T)d7'. (40

These expressions describe a coherent motion of the wav
packet formed by an oscillatory motion with the time-

dependent group velocity E¢31), and a diffusive motion
with a time-dependent diffusion coefficiem(t). For ex-
ample, if one builds an initial Gaussian packet of width

f(x,0)=exp(—x2/a§), one finds, after some straightforward

calculations,
o B [ 2x(V°
[f(x,1)] amexp( an? )’ (41)
where
A(t)2 1/2
a(t)=ao| 1+16—,— (42
2h)

Time ¢

i

Position x

FIG. 5. Spatiotemporal behavior p¥ (x,t)|? obtained numeri-
cally by integration of the Schdinger equatiorigray level conven-
tion: the maximum values df (x,t)|2 are depicted in bladk from
t=0 tot=4m/§ (that is, two periods of the beat frequenéy w
—wg=0.02). Other parameters are the same as in Fig. 2.

The physical meaning of our development can be evidenced
by considering the case whegediffers from wg by a small
detuning 6= w— wg, |8|<wg, and keeping only leading-
order terms of orde®©(5~1). The wave packet then under-
goes a harmonic oscillation at the beat frequencyith a
group velocity given by Eq(31):

vg(t)=2Q,d cogkod+ dt), (43
corresponding to a periodic mean position displacement

20,d
(X()=x(0)~ =

[sin(kod+ 8t) —sin(kod)]. (44

The width of the wave packet oscillates in a breathing mode
which is governed by
Q,d?

A= —5

[cogkod+ 6t) —cogkyd)]. (45

The results of Sec. Il for a resonant excitation are naturally
recovered in the limiv—0.

€ We have performed the integration of the Sclinger
equation for a detuningg=0.02. Figure 5 shows the spa-
tiotemporal dynamics of the wave packet and clearly evi-
dences the periodic oscillations and the breathing at fre-
quencys predicted above. Figure 6 shows the mean position
and width of the wave packet as a function of time. The
comparison with the theory is very good. For instance, the
amplitude of(x(t)) is found numerically as 1.55 compared
to the theoretical value 1.73.

V. CONCLUSION

We have studied, in a fully analytical way, the dynamics
of a wave packet in a static and time-modulated tilted poten-
tial in the framework of the Wannier-Stark states. This basis
is well suited to the description of the state of a cold atas
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T T T T serious problem, as the atoms are confined only in one di-
mension by the potential. If these beams are horizontal, the
atoms are free falling. The interaction time is of the order of
10 ms and typically 100 times greater than the Bloch period.
The detection of the coherent dynamics described above
is simpler inmomentunspace, thanks to the possibility of
1k i using velocity-sensitive Raman stimulated transitiph&0].
L 1 1 1 The coherent motion of atoms, e.g., when they climb the
0 200 400 600 slope of the modulated potentiébec. 1ll), corresponds to a
Time ¢ speed of about the recoil velocity, i.e., 3 mm/s for cesium.
This is easily detectable by Raman stimulated spectroscopy.
FIG. 6. Mean valuesa) (x(t)) and (b) V{x?(t))—(x(t))? ob- |t would certainly be very interesting to also observe the
tained from the wave packet dynamics depicted in Fig. 5. coherent motion in real space. This seems to be very diffi-
cult, because the spatial amplitude of the motion is very

produced by a Sisyphus-boosted MOMoreover, it pro- small, of the order of a few lattice steps, as compared to the

vides a simple description the atomic dynamics, which hagtomic cloud which extends over hundreds of lattice wells

been proved to be very rich: A variety of coherent motions is(for atoms cooled in a magneto-optical trafihe coherent

obtained depending on the preparation of the initial wavedynamics is thus detectable in momentum space, but very

packet and its site-to-site quantum coherence. We can ald#ird to see in real space, at least under the usual experimen-

note that the description introduced here is, in principle, intal conditions.

dependent of the details of the lattice, provided it presents

localized states in the lattice sites. It is therefore generaliz- ACKNOWLEDGMENTS

able to other kinds of lattice. . . . .
Note that the present work is distinguished from the more.., The authors acknowledgg S. Bielawski for fruitful discus-

usual “solid-state” approach, which is based on Bloch func—§'ons' Laboratmre de Physique des Lasers, Atom(_es e:[_ Mol-

tions. We postpone for a forthcoming work a detailed com-eCU|eS(PhLAM) is UMR 8523 du CNRS et de I'Universite

arison between the Wannier-Stark and Bloch approaches des Sciences et Technologies de Lille. Center d’Etudes et
paris : s PP ‘Recherches Lasers et Applicatiof@ERLA) is supported by
Finally, let us discuss the possibility of experimental ob-

servations in cold atom systems. The experimental difficul-l\/“nlstere de la Recherche, gion Nord-Pas de Calais, and

ties are fourfold: the creation of site-to-site atomic coher-F.onds Europen de Deeloppement Economique des -Re
ence, suppression of dissipative effects, limited interactior?'ons(FEDER"
time between the atoms and the potential, and detection of
the atom’s dynamics.

As we have seen in Sec. Il, all coherent motion ultimately  Equation(11) is obtained if we perform the unitary trans-
depends on the site-to-site atomic cohereqy®, ;. There  formation
are various ways of creating this kind of coherence. The ‘ _ ,
most usual is Raman cooling, which consist in previous sub- U(t)=eXo(hPe1AXei7() (A1)
recoil cooling of the atoms so that their de Broglie wave- . . .
length is of the order of a few lattice steffsve lattice steps where we haye |ncludeq tra.nslatlon operators in space and
is typica) [4]; the light potential is then turned on adiabati- Momentum with3=2m* X, (i.e., the momentum of a par-
cally. Another way of creating spatial coherence is to starficle of massm*). In this framework, following[21], we
with a Bose-Einstein condensate, whose spatial coheren@btain (with UXUT=X+X, andUPU'=P+ B)
length is up to hundreds of lattice sitgs7]. Note that in the (P+ )2
latter case the system obeys a nonlinear Stihger equa- H' =UHUT+i(d,U)UT=—"+V,cog27X)
tion, and the approach described above may not apply. 2m*

Dissipation, in the present context, is due to spontaneous : _ )
emission(see Sec.)l The usual lasers, working on wave- +F(X+Xo(1)) = Xo(t) P+ B(1) (X+Xo) =¥
lengths corresponding to alkali-metal atoms, allow one to . . e o2
work at detunings corresponding to abouf200* times the ~ With y=FXo+m*XoXo+ (m*/2)Xg:
natural width of the transition concerned, which means that p2
spontaneous emission is _Ilmlte_d to less than one photon per H'= —— +Vycod 2mX) +[F+m*Xo()]X.  (A2)
second. As the characteristic time of the system, the Bloch *
period, is typically 100us, the observation of the effects
discussed here is therefore not limited by dissipation. Thd herefore, in the frame of the periodic potential, the Hamil-
transit time in the laser beams creating the potential is a mornian contains an inertial force proportionalXg(t).

Mean values

APPENDIX: UNITARY TRANSFORMATION
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